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a b s t r a c t
In this work, the improved tanh–coth method is used to obtain wave solutions to a Ko-
rteweg–de Vries (KdV) equation with higher-order nonlinearity, from which the standard
KdV and the modified Korteweg–de Vries (mKdV) equations with variable coefficients can
be derived as particular cases. However, the model studied here include other important
equations with applications in several fields of physical and nonlinear sciences. Periodic
and soliton solutions are formally derived.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The main goal in this paper is the obtaining of wave solutions to the equation
ut(x, t)+ σ(t)up(x, t)ux(x, t)+ δ(t)uxxx(x, t) = 0, (1.1)
where σ(t) and δ(t) are functions depending of the time t , and p is a positive number. Two special cases are widely used in
nonlinear phenomena: the Korteweg–de Vries (KdV) equation [1],
ut + 6uux + uxxx = 0,
which is obtained from (1.1) setting p = 1,σ(t) = 6 and δ(t) = 1, and themodified Korteweg–deVries equation (mKdV) [2],
ut + k1u2ux + uxxx = 0,
derived from (1.1) with σ(t) = k1, δ(t) = 1 and p = 2. Other variations of (1.1) such as
ut + k1tnuux + k2tmuxxx = 0, (1.2)
and
ut + k1upux + uxxx = 0, (1.3)
where k1, k2 are arbitrary constants, have been used recently as important models for dynamic fluids. Solutions for these
last two equations can be found in [3,4] respectively. On the other hand, solutions to (1.1) have been recently derived by
Y. Zhang et al. [5], using a special technique. Our principal objective in this work is deriving new solutions to (1.1) using the
improved tanh–coth method.
E-mail addresses: cagomezsi@unal.edu.co, cagomezsi@yahoo.com.
0377-0427/$ – see front matter© 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2011.05.028
C.A. Gómez Sierra / Journal of Computational and Applied Mathematics 235 (2011) 5330–5332 5331
2. Traveling solitary wave solutions to (1.1)
First, we assume that (1.1) has solutions of the form
u(x, t) = v(ξ),
ξ = x+ λ t, (2.1)
λ being the speed of the wave. Substituting (2.1) into (1.1), and after simplification, we have
λv′(ξ)+ σ(t)(v(ξ))pv′(ξ)+ δ(t)v′′′(ξ) = 0. (2.2)
Upon integration, (2.2) is converted to
λv(ξ)+ σ(t)
p+ 1v
p+1(ξ)+ δ(t)v′′(ξ) = C,
where C is the integration constant. For the sake of simplicity, we shall take C = 0. With the change of variable
v(ξ) = V 2p (ξ), (2.3)
(2.2) reduces to
λV 2(ξ)+ σ(t)
p+ 1V
4(ξ)+ 2δ(t)(2− p)
p2
(V ′(ξ))2 + 2δ(t)
p
V ′(ξ)V ′′(ξ) = 0. (2.4)
Using the idea of the tanh–coth method [6,7], we choose to search for the solution to (2.4) in the form of the following
expansion: [6,7]
V (ξ) =
M−
i=0
ai(t)φ(ξ)i +
2M−
i=M+1
ai(t)φ(ξ)M−i, (2.5)
where M is a positive integer to be determined later, ai(t), i = 1, 2, . . . , 2M , are arbitrary functions of the variable t and
φ(ξ) is a function which satisfies the following Riccati equation:
φ′(ξ) = α(t)+ β(t)φ(ξ)+ γ (t)φ(ξ)2. (2.6)
Here α(t), β(t) and γ (t) are arbitrary functions of the variable t . Solutions to (2.6) are given as follows (see [8]):
If β(t)2 − 4γ (t)α(t) = 0,
φ(ξ) = 1
γ (t)

− 1
ξ + ξ0 −
β(t)
2

, (2.7)
while if β(t)2 − 4γ (t)α(t) ≠ 0,
φ(ξ) =

β(t)2 − 4α(t)γ (t) tanh

1
2

β(t)2 − 4α(t)γ (t)ξ + ξ0

− β(t)
2γ (t)
. (2.8)
In both cases, ξ0 is an arbitrary constant.
Substituting (2.5) into (2.4) and balancing V 4(ξ)with V (ξ)V ′′(ξ)we have
4M = 2M + 2,
so
M = 1.
Therefore, (2.5) takes the form
V (ξ) = a0(t)+ a1(t)φ(ξ)+ a2(t)φ(ξ)−1. (2.9)
Substitution of (2.9) into (2.4) leads to an algebraic system in the unknowns a0(t), a1(t), a2(t), λ, α(t), γ (t), β(t). Solving
this with the aid ofMathematicawe obtain the following solution:
λ = −8σ(t)a1(t)a2(t)
2+ 3p+ p2
α(t) = ±

− σ(t)
2δ(t)(p+ 1)(p+ 2)a2(t),
γ (t) = ±

− σ(t)
2δ(t)(p+ 1)(p+ 2)a1(t),
β(t) = 0, a0(t) = 0.
(2.10)
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The exact solutions to (1.1) are obtained using (2.9), (2.3), (2.1), (2.7) and (2.8). The following are the periodic and soliton
solutions to (1.1) respectively:
Combined formal periodic wave solution:
u1(x, t) =
±a1(t)a2(t) tan
− σ(t)p2a1(t)a2(t)
4δ(t)+ 6δ(t)p+ 2δ(t)p2 ξ + ξ0

± a1(t)a2(t) cot
− σ(t)p2a1(t)a2(t)
4δ(t)+ 6δ(t)p+ 2δ(t)p2 ξ + ξ0
 2p .
Combined formal kink solution:
u2(x, t) =
±−a1(t)a2(t) tanh
 σ(t)p2a1(t)a2(t)
4δ(t)+ 6δ(t)p+ 2δ(t)p2 ξ + ξ0

∓ −a1(t)a2(t) coth
 σ(t)p2a1(t)a2(t)
4δ(t)+ 6δ(t)p+ 2δ(t)p2 ξ + ξ0
 2p .
ξ = x+ λ t , and λ is given by (2.10).
3. Conclusions
Exact solutions for a generalization of the Korteweg–de Vries equation with variable coefficients have been obtained by
using an improved tanh–cothmethod. As a consequence, taking the values p = 1 and p = 2, exact solutions to standard KdV
and tomKdV equations with variable coefficients can be derived. In accordance with the structure of the solutions obtained,
the coefficients a1(t), a2(t) in (2.9) are arbitrary functions in the variable t; therefore, with variations of these coefficients
we can obtain abundant solutions to our model. In the sameway, we can obtain real or complex solutions. Themethod used
can also be applied to solve other kinds of nonlinear wave equations with variable coefficients.
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